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HOCHSCHILD COHOMOLOGY AND THE DERIVED CLASS OF m-CLUSTER
TILTED ALGEBRAS OF TYPE A
JUAN CARLOS BUSTAMANTE AND VIVIANA GUBITOSI
Introduction
Cluster categories were introduced in [14] in order to model the combinatorics of the cluster
algebras of Fomin and Zelevinski [24], using tilting theory of hereditary finite dimensional algebras
over algebraically closed fields. The clusters correspond to the tilting objects in the cluster category.
Roughly speaking, given an hereditary finite dimensional algebra H as above, the cluster cate-
gory CH is obtained from the derived category D
b(H) by identifying the shift functor [1] with the
Auslander - Reiten translation τ . By a result of Keller [32], the cluster category is triangulated, and
the same holds for the category obtained from Db(H) by identifying the composition [m] := [1]m
with τ . The latter is called an m-cluster category, in which m-cluster tilting objects have been
defined by Thomas, in [37], who in addition showed that they are in bijective correspondence with
the m-clusters of Fomin and Reading [22]. The endomorphisms algebras of the m-cluster tilting
objects are called m-cluster tilted algebras or, in case m = 1, cluster tilted algebras.
Caldero, Chapoton and Schiffler gave in [19] an interpretation of the cluster categories CH in
case H is hereditary of Dynkin type A in terms of triangulations of the disc with marked points on
its boundary, using an approach also present in [23] in a much more general setting. This has been
generalized by several authors. For instance, Baur and Marsh in [10], considered m-angulations of
the disc, modelling the m-cluster categories. In [1], Assem et al. showed that cluster tilted algebras
coming from triangulations of the disc or the annulus with marked points on their boundaries are
gentle, and, in fact, that these are the only gentle cluster tilted algebras. The class of gentle algebras
has been extensively studied in [3, 7, 12, 16, 33, 36], for instance, and is particularly well understood,
at least from the representation theoretic point of view. This class includes, for instance, iterated
tilted, and cluster tilted algebras of types A and A˜, and, as shown in [36], is closed under derived
equivalence.
When studying module categories, one is often interested in them up to derived equivalence,
or tilting-cotilting equivalence. In [16], Buan and Vatne gave a criterion to decide whether two
cluster tilted algebras of type A are themselves derived equivalent or not. This has been done
using the Cartan matrix as derived invariant, as well as mutations of quivers. Later, Bastian, in
[9], gave an analogous classification for the A˜ case. She used another thinner derived invariant,
the function φ introduced by Avella-Alaminos and Geiss in [7]. In [12] a more general question has
been considered, namely the characterization of the algebras that are derived equivalent to cluster
tilted algebras of type A or A˜. Again, in this paper the map φ is of central importance, and the
characterizations therein are given in terms of the form of this map. In another direction, results
analogous to those of [16] have been established for m-cluster tilted algebras of type A by Murphy
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in [33]: he described these algebras by quivers and relations, and gave a criterion permitting to
decide whether two m-cluster tilted algebras of type A are derived equivalent or not. Again, he
used the Cartan matrix as in [16], but “elementary polygonal moves” instead of – but equivalently
to – mutations.
The aim of this paper is to classify the algebras that are derived equivalent to m-cluster tilted
algebras of type A. Our approach differs from those of [16, 12, 9, 33] in the fact that we use
the Hochschild cohomology ring as derived invariant. Since the algebras we are interested in are
gentle, the required computations can be done efficiently. It is a thinner invariant than the Cartan
matrix, as it detects not only the number of cycles with full relations, but also their length, and it
distinguishes the case where the characteristic of the field is 2. In our case, the structure of HH∗(A)
is much easier to compute than the map φA.
Recall that given a connected quiver Q, its Euler characteristic, χ(Q) = |Q1| − |Q0|+ 1, is the
rank of its first homology group, Q being viewed as a graph.
The main result of this paper can be stated as follows:
Theorem A. A connected algebra A = kQ/I is derived equivalent to a connected component of an
m-cluster tilted algebra of type A if and only if (Q, I) is a gentle bound quiver having χ(Q) oriented
cycles of length m+ 2, each of which has full relations.
In particular, specializing to the case m = 1, recover known results of [16, 12], and we obtain
a criterion to decide whether or not an algebra is derived equivalent to a cluster tilted algebra of
type A. The latter is very easy to use, as it does not require any computation, in contrast with
the known result of [12]. Although it is not known if the function φ is a complete invariant in
general, in [12] it is shown that this is indeed the case for algebras derived equivalent to cluster
tilted algebras of type A. We generalize this result to the m-cluster tilted context. Moreover, from
our characterizations, we deduce the invariant pair (r, s) of an m-branched algebra A = kQ/I: The
integer s is the rank of the Grothendieck group K0(A), while r is the Euler characteristic of Q,
which in addition parametrizes the structure of the Hochschild cohomology ring HH∗(A). In case
A is connected, it is also the rank of the fundamental group π1(Q, I) of the bound quiver (Q, I),
which is free in this context. Summarizing, we have:
Theorem B. Let A = kQ/I and A′ = kQ′/I ′ be connected m-branched algebras. Then the
following conditions are equivalent.
a) A and A′ are derived equivalent,
b) A and A′ are tilting-cotilting equivalent,
c) A and A′ have the same invariant pair,
d) HH∗(A) ≃ HH∗(A′) and K0(A) ≃ K0(A
′),
e) φA = φA′ .
f) π1(Q, I) ≃ π1(Q
′, I ′) and |Q0| = |Q
′
0|.
The paper is organized as follows: In section 1 we recall facts about gentle algebras, derived
and tilting-cotiling equivalences, and m-cluster tilted algebras. In section 2 we establish the facts
about Hochschild cohomology that will be used in the sequel. In section 3 we introduce what we
call m-branched algebras, precisely those described in the theorem above, and in section 4 we recall
what Brenner-Butler tilting modules are. They are used in section 5 to remove the relations in the
quiver of a branched algebra that do not lie in a cycle. Section 6 is devoted to the proof of the
main theorem and some consequences, among which, in section 7, we recover the known results
mentioned above.
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1. Preliminaries
1.1. Gentle algebras. While we briefly recall some concepts concerning bound quivers and alge-
bras, we refer the reader to [4] or [5], for instance, for unexplained notions.
Let k be a commutative field. A quiver Q is the data of two sets, Q0 (the vertices) and Q1 (the
arrows) and two maps s, t : Q1 → Q0 that assign to each arrow α its source s(α) and its target
t(α). We write α : s(α) → t(α). If β ∈ Q1 is such that t(α) = s(β) then the composition of α and β
is the path αβ. This extends naturally to paths of arbitrary positive length. The path algebra kQ
is the k-algebra whose basis is the set of all paths in Q, including one stationary path ex at each
vertex x ∈ Q0, endowed with the multiplication induced from the composition of paths. In case
|Q0| is finite, the sum of the stationary paths - one for each vertex - is the identity.
If the quiverQ has no oriented cycles, it is called acyclic. A relation in Q is a k-linear combination
of paths of length at least 2 sharing source and target. A relation which is a path is called monomial,
and the relation is quadratic if the paths appearing in it have all length 2. LetR be a set of relations.
Given an integer n, an n-cycle is an oriented cycle consisting of n arrows, and it is called an n-cycle
with full relations if the composition of any two consecutive arrows on this cycle belongs to R. In
the sequel, by cycle we mean oriented cycle. Given R one can consider the two-sided ideal of kQ
it generates I = 〈R〉 ⊆ 〈Q1〉
2. It is called admissible if there exists a natural number r > 2 such
that 〈Q1〉
r ⊆ I. The pair (Q, I) is a bound quiver, and associated to it is the algebra A = kQ/I. It
is known that any finite dimensional basic algebra over an algebraically closed field is obtained in
this way, see [4], for instance.
Recall from [3] that an algebra A = kQ/I is said to be gentle if I = 〈R〉, with R a set of
monomial quadratic relations such that :
G1. For every vertex x ∈ Q0 the sets s
−1(x) and t−1(x) have cardinality at most two;
G2. For every arrow α ∈ Q1 there exists at most one arrow β and one arrow γ in Q1 such that
αβ 6∈ I, γα 6∈ I;
G3. For every arrow α ∈ Q1 there exists at most one arrow β and one arrow γ in Q1 such that
αβ ∈ I, γα ∈ I.
Gentle algebras are special biserial (see [38]), and have extensively been studied in several con-
texts, see for instance [7, 12, 16, 17, 33, 36].
1.2. Tilting-cotilting, and derived equivalences. Given a finite dimensional algebra A = kQ/I
a tilting module is a finitely generated right A-module of projective dimension less than or equal to
1, having no self extensions and exactly |Q0| indecomposable non isomorphic direct summands, [4].
The notion of cotilting module is defined dually. Given a tilting A-module T , with A hereditary, the
algebra EndA(T ) is said to be tilted. Two algebras A and B are said to be tilting-cotilting equivalent
it there exists a finite sequence of algebras A = A0, A1, . . . , Ar = B and Ai-tilting (or cotilting)
modules Ti such that Ai+1 = EndAi(Ti) for i ∈ {0, 1, . . . , r − 1}.
Denote by Db(A) the bounded derived category of finite dimensional right A-modules. Its objects
are bounded complexes of finite dimensional right A-modules, and morphisms are obtained from
morphisms of complexes by localizing with respect to quasi-isomorphisms (see [27]). The category
Db(A) is triangulated, with translation functor induced by the shift of complexes. Two algebras
A and B are derived equivalent if the categories Db(A) and Db(B) are equivalent as triangulated
categories. It has been shown by Happel [27] that if two algebras are tilting-cotilting equivalent,
then they are derived equivalent. Moreover, Schröer and Zimmermann showed in [36] that the class
of gentle algebras is stable under derived equivalence.
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1.3. m-cluster tilted algebras. Let H ≃ kQ be an hereditary algebra such that Q is acyclic.
The derived category Db(H) is triangulated, the translation functor, denoted by [1], being induced
from the shift of complexes. For an integer n, we denote by [n] the composition of [1] with itself
n times, thus [1]n = [n]. In addition, Db(A) has Auslander-Reiten triangles, and, as usual, the
Auslander-Reiten translation is denoted by τ .
Let m be a natural number. The m-cluster category of H is the quotient category Cm(H) :=
Db(H)/τ−1[m] which carries a natural triangulated structure, see [32]. Following [37] we consider
m-cluster tilting objects in Cm(H) defined as objects satisfying the following conditions:
(1) HomCm(H)(T, X [i]) = 0 for all i ∈ {1, 2, . . . ,m} if and only if X ∈ add T ,
(2) HomCm(H)(X, T [i]) = 0 for all i ∈ {1, 2, . . . ,m} if and only if X ∈ add T .
The endomorphism algebras of such objects are called m-cluster tilted algebras of type Q. In case
m = 1, this definition specializes to that of a cluster tilted algebra, a class intensively studied since
its definition in [15].
In [1] it has been shown that cluster tilted algebras are gentle if and only if they are of type A or
A˜. In [16] Buan and Vatne gave the derived equivalence classification of cluster tilted algebras of
type A. They showed that two cluster tilted algebras of type A are derived equivalent if and only
if their quivers have the same number of 3-cycles with full relations. Later, in [9] the same work
has been done for cluster tilted algebras of type A˜. Moreover, in [12], the algebras that are derived
equivalent to cluster tilted algebras of types A or A˜ have been classified. In this classification, again,
combinatorial data of the involved bound quiver is of central importance.
On the other hand, using arguments similar to those of [1], Murphy showed in [33] that m-cluster
tilted algebras are gentle and that the only cycles that may exist in their quivers are (m+2)-cycles,
each of which has full relations. Perhaps the most noticeable differences between cluster tilted and
m-cluster tilted algebras is that the latter need not to be connected, and that the quiver does not
determine the algebras. Indeed, in case m > 1, there can be relations outside the cycles, but there
are at most m − 1 consecutive such relations. Also, he described the connected components of
m-cluster tilted algebras up to derived equivalence, a result analogous to that of [16], namely: two
connected components of m-cluster tilted algebras of type A are derived equivalent if and only if
their quivers have the same number of (m + 2)-cycles (theorem 1.2 in [33]). Moreover, he showed
that any connected component of an m-cluster tilted algebra can be reduced, using local mutations
(which are tiltings or cotiltings, as we shall see) to what he calls the normal form, described as
follows. Recall that m is fixed. Let Qr,s be the quiver having r cycles of length m+2 and s vertices,
depicted below:
. .

✸✸
✸✸
. .

✸✸
✸✸
. .

✸✸
✸✸
.
EE☛☛☛☛ .
☛☛
☛☛
EE☛☛☛☛ .
☛☛
☛☛
.
EE☛☛☛☛ .
☛☛
☛☛
.oo .oo . .oo
.
YY✸✸✸✸
. .
YY✸✸✸✸
.
YY✸✸✸✸
.
Let I be the ideal generated by the composition of any two consecutive arrows in any of the cycles
of Qr,s, and Nr,s = kQr,s/I be the corresponding algebra, which is an m-cluster tilted algebra of
type A. Note that in [33] the definition of the normal form is slightly different. On one hand the
arrows of the linear part (those at the right of the diagram) are oriented in the other way. On the
other hand, the number of arrows in each cycle that lie between the vertices of degree greater than
2 is constant. This more restrictive definition is not necessary four our purpose, since this gives an
algebra which is clearly tilting cotilting equivalent to ours.
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Moreover, again from [33], we know that a connected component of an algebra derived equivalent
to an m-cluster tilted algebra is derived equivalent to a normal form Nr,s. In case m = 1, this form
coincides with the one considered by Buan and Vatne [12, 2.3].
In the sequel, each oriented cycle depicted should be understood as an (m + 2)-cycle with full
relations.
2. Hochschild cohomology
Given an algebra A, the n-th Hochschild cohomology group of A with coefficients in the bimodule
AAA is the extension group HH
n(A) = Ext
n
A−A(A, A). The sum HH
∗(A) =
⊕
n>0 HH
n(A) has the
additional structure of a Gerstenhaber algebra, see [26]. From [34, 31] this structure is known to be
a derived invariant, that is, invariant under derived equivalence. We shall use this invariant instead
of the function φ of Avella-Alaminos and Geiss [7], invariant used in [12] and [9].
We are interested in the computation of the cohomology groups of Nr,s. Since the latter are
schurian, one can prove, using [28, 2.2] for instance, that dimkHH
1(Nr,s) = r. However the first
cohomology group misses much information, it takes into account the number of cycles, but does
not retain their length, nor whether they are bound with relations or not. In what follows we see
that the higher cohomology groups do detect what is missed by HH1(Nr,s).
In order to carry out the needed computations, we introduce a convenient complex that allows
us to do so efficiently, see [8, 17]. Let A = kQ/I be a monomial quadratic algebra. Define
Γ0 = Γ0(Q) = Q0, Γ1 = Γ1(Q) = Q1, and for n > 2, Γn = Γn(Q, I) = {α1α2 · · ·αn| αiαi+1 ∈ I}.
Moreover, let E = kQ0 be the semi-simple algebra isomorphic to A/radA, and kΓn the k-vector
space with basis Γn. The latter are also E−E-bimodules in an obvious way. In what follows, tensor
products are taken over E. With these notations we have a minimal projective resolution of AAA:
· · · // A⊗ kΓn ⊗A
δn−1
// A⊗ kΓn−1 ⊗A
δn−2
// · · ·
· · · // A⊗ kΓ1 ⊗A
δ0
// A⊗ kΓ0 ⊗A
ǫ
// A // 0
where ǫ is the composition of the isomorphism A⊗ kΓ0 ⊗A ≃ A⊗A with the multiplication of A,
and given the differential δn−1 defined on A⊗ kΓn ⊗A by the formula
δn−1(1⊗ α1 · · ·αn ⊗ 1) = α1 ⊗ α2 · · ·αn ⊗ 1 + (−1)
n1⊗ α1 · · ·αn−1 ⊗ αn.
2.1. Lemma. Let A = kQ/I be a monomial quadratic algebra. Then the Hochschild cohomology
groups HHn(A) are the cohomology groups of the complex
· · · // HomE−E(kΓn, A)
δn
// HomE−E(kΓn+1, A) // · · ·
where δn(f)(α1α2 · · ·αn+1) = α1f(α2 · · ·αn+1) + (−1)
n+1f(α1 · · · an)αn+1.
Proof. In order to compute the Hochschild cohomology groups of the algebra A, we apply the
functor HomA−A(−, A) to the complex obtained by truncating the resolution above. In addition
we use the identification HomA−A(A⊗ kΓn ⊗A, A) ≃ HomE−E(kΓn, A). 
As mentioned before, the sum HH∗(A) =
⊕
n>0 HH
n(A) has additional structure given by two
products, which we now describe, see [26]. The two products are defined using the standard
resolution of A, but using appropriate explicit maps between the resolutions, see [35, Section 2] and
[17, Section 1], we can carry them to our context.
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Given f ∈ HomE−E(kΓn, A), g ∈ HomE−E(kΓm, A), and i ∈ {1, 2, . . . n}, define the element
f ◦i g as f
(
l
i−1 ⊗ g ⊗ ln−i
)
. In addition, define the composition product as
f ◦ g =
n∑
i=1
(−1)(i−1)(m−1)f ◦i g
and the bracket to be
[f, g] = f ◦ g − (−1)(n−1)(m−1)g ◦ f
On the other hand, denote by σ : A⊗A→ A the multiplication of A. The cup-product f ∪ g of
f and g is the element of HomE−E(kΓn+m, A) defined by f ∪ g = σ(f ⊗ g).
Recall that a Gerstenhaber algebra is a graded k-vector space A endowed with a product which
makes A into a graded commutative algebra, and a bracket [−,−] of degree 1 that makes A into a
graded Lie algebra, and such that [x, yz] = [x, y]z+(−1)(|x|−1)|y|y[x, z], that is, a graded analogous
of a Poisson algebra. The cup product ∪ and the bracket [−,−] defined above define products in
HH
∗(A), which becomes then a Gerstenhaber algebra (see [26]).
2.2. Example (Cibils, [20]). With the notations of the previous section, let A = N1,m+2, that is
the Nakayama algebra given by an oriented cycle of length m+ 2, whose radical is 2-nilpotent. In
[20, 4.6] Cibils gave an explicit formula for the structure of Hochschild cohomology of A: if the
characteristic of the ground field k is 2, or if m is even, then put d = 2(m + 2), otherwise put
d = m+ 2. The space kΓd has dimension d. Define f : kΓd → A as the map that sends each basis
element of kΓd to its source-target vertex, and let F be its (non zero) class in HH
d(A). In addition,
define g : kΓ1 → A to be the map that sends a particular arrow α on the cycle to itself and vanishes
on the other basis elements of kΓ1, and let G be its (non zero) class in HH
1(A). Considering F and
G as indeterminates of degrees d and 1, HH∗(A) has the multiplicative structure of k[F,G]/〈G2〉.
Moreover, a straightforward computation gives that in addition the bracket is given by
[F,G] = F, [F, F ] = 0, [G,G] = 0.
We now compute the Hochschild cohomology of the normal form Nr,s.
2.3. Proposition.
a) For any n ∈ N, the Hochschild cohomology group HHn(Nr,s) is given by
HH
n(Nr,s) =
{
k if n = 0,∏r
j=1 HH
n(N1,m+2) otherwise.
b) With the notations of example 2.2, the r elements of degrees 1 and d that generate HH∗(Nr,s)
as a ring are given by {Gj , Fj | 1 6 j 6 r} in bijective correspondence with each one of the
cycles in the quiver, as in 2.2.
c) Each of the Fi’s is orthogonal to each other, and to each Gi, and the Lie structure is given
by:
[Fi, Gj ] = δi,jFi, [Fi, Fj ] = 0, [Gi, Gj ] = 0.
Proof. First of all, note that using Happel’s long exact sequence [28, 5.3] one sees that the Hochschild
cohomology of Nr,s is precisely that of the case in which every vertex of Q belongs to a cycle, say
Nr for short.
We now exhibit a short exact sequence of complexes from which the result will follow.
To begin, label the cycles of Q by 1, 2, . . . , r, from right to left. For j ∈ {1, . . . , r}, let Qj be the
full subquiver of Q generated by the arrows of the jth cycle. In addition, let Ij be the restriction of
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I to kQj, and Aj = kQj/Ij the corresponding algebra, which is isomorphic to N1 = N1,m+2, and
Ej = KQj0, its semi-simple part. In addition, for j < r, let vj be the vertex belonging to Q
j and
Qj+1. Accordingly, for n > 0, define Γjn = Γn(Q
j , Ij). It follows directly from the definition that
Γn =
∐r
j=1 Γ
j
n for n > 1.
Now, for n > 0, let φn :
⊕
16j6r
kΓjn → kΓn be the sum of the morphisms induced by the inclusions
of the Γjn into Γn, so that φ• is a morphism of complexes. For n > 1, φn is an isomorphism, and
the kernel K0 of φ0 is the (r− 1)-dimensional vector space kv1 ⊕ · · · ⊕ kvr−1. We thus have a short
exact sequence of complexes
0 // K•
ι•
//
r⊕
j=1
kΓj•
φ•
// kΓ• // 0
withK• concentrated in degree 0. Upon applying the functor HomE−E(−, A), and using the natural
isomorphism
HomE−E(kΓn, A) ≃
r⊕
j=1
HomEj−Ej (kΓ
j
n, A
j).
we obtain a long exact sequence of cohomology groups
0 // HH0(Nr,s) //
r⊕
j=1
HH
0(Aj) //
r−1⊕
j=1
HH
0(kvj) // HH
1(Nr,s) //
r⊕
j=1
HH
1(Aj) // 0 // · · ·
· · · 0 // HHi(Nr,s) //
r⊕
j=1
HH
i(Aj) // 0 · · ·
Since the dimension of HH1(Nr,s) equals that of
⊕
16j6r
HH
1(Aj), we are done. 
2.4. Remarks.
a) As in example 2.2, the non-nilpotent elements of degree d in the Hochschild cohomology
ring correspond to the cycles of length m + 2 with full relations. This is also true in a
more general context, that of monomial quadratic algebras, a class which includes gentle
algebras.
b) In the same way, the elements of degree 1 in the Hochschild cohomology ring of Nr,s
correspond to the choice of an arrow in each such cycle. Again, this holds in the more general
setting of monomial algebras. Indeed any choice of an arrow α in each cycle γ – oriented
or not – of Q (the non-oriented graph associated to Q) gives rise to an element in HH1(A).
More precisely the cycle γ gives an element γ˜ in the fundamental group π1(Q, I) of the bound
quiver (Q, I), π1(Q, I) (see [2]) which induces a character γ˜
∗ in Hom(π1(Q, I), k
+). The
required derivation is then the image of γ˜∗ by the monomorphism s : Hom(π1(Q, I), k
+)→
HH
1(A) of [2] (see also [21]).
3. Branched algebras
As in the case m = 1 the class of m-cluster tilted algebras of type A is not closed under derived
equivalence; that is, it is possible for an m-cluster tilted algebra (m > 2) to be derived equivalent
to an algebra which is not m-cluster tilted.
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3.1. Example (Remark 4.9, [33]). Consider the following quiver Q:
. γ5
$$❏
❏❏
❏❏ . β1
$$❏
❏❏
❏❏
.
γ3 ::ttttt .
γ0✞✞
✞
.
α4
oo .
α3
oo .
α2
oo .
α1
oo .
α0
oo
β0 ::ttttt .
β2✞✞
✞
.
γ2
[[✼✼✼
.
γ1
oo .
β4
[[✼✼✼
.
β3
oo
Let I1 be the ideal generated by relations of the form γiγi+1 and βiβi+1 for i ∈ {0, 1, 2, 3, 4} where
indices are to be read modulo 5. Then kQ/I1 is a 3-cluster tilted algebra of type A14. On the other
hand let I2 be I1 plus the ideal generated by relations αiαi+1. The algebra kQ/I2 is not 3-cluster
tilted, but the two algebras are derived equivalent, as we shall see.
We are interested in algebras derived equivalent to m-cluster tilted algebras of type A. A first
result is the following.
3.2. Proposition. Let A = kQ/I be an m-cluster tilted algebra of type A, and B an algebra derived
equivalent to A. Then
a) The quivers of A and B have the same Euler characteristic, and
b) In both cases each cycle is an (m+ 2)-cycle with full relations.
Proof.
a) The bound quivers we are interested in are gentle and have no multiple arrows. In this
context, the dimensions of the first Hochschild cohomology groups of A and B are precisely
the Euler characteristics of QA and QB. The invariance of these cohomology groups gives
the result (compare with remark 2.4 a)).
b) For the second statement, it is enough to see that remark 2.4 b) still holds : the Hochschild
cohomology ring structure encodes the number of (m+ 2)-cycles with full relations.

Remark that, alternatively, we could have invoked proposition B from [7], which shows that the
number of arrows in the quiver of A = kQ/I is a derived invariant for gentle algebras, and thus so
is the Euler characteristic χ(Q). However, this result is obtained by means of the map φ, and our
approach resides in the use of the Hochschild cohomology groups instead.
This motivates the following definition.
3.3. Definition. We say that an algebra A = kQ/I is branched (or, more precisely, m-branched)
if (Q, I) is a gentle bound quiver which contains exactly χ(Q) oriented cycles of length m+2, each
of them with full relations.
For instance, the algebras of example 3.1 are both branched. Also, it follows from [33, 2.20] that
an m-branched algebra B = kQ/I such that every relation of (Q, I) lies in a cycle of Q is itself an
m-cluster tilted algebra of type A.
The following proposition follows immediately, by reinterpreting 3.2 with the terminology intro-
duced in the previous definition.
3.4. Proposition.
a) An algebra B derived equivalent to the normal form Nr,s is m-branched, with r oriented
cycles, moreover its quiver has s vertices;
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b) If an algebra B is derived equivalent to an m-cluster tilted algebra of type A, then each
connected component of B is m-branched.

One of the main results of this paper says that the converse also holds true, namely that the
algebras derived equivalent to m-cluster tilted algebras of type A are precisely the m-branched
algebras. To prove this it is enough to show that any m-branched algebra is derived equivalent to
an m-cluster tilted algebra of type A. Moreover, since the family of normal forms Nr,s contains a
representative of each class of derived equivalence of m-cluster tilted algebras, it is enough to show
that any m-branched algebra is derived equivalent to an algebra Nr,s. For this, we introduce a
somehow intermediate class, see [33, 2.20].
3.5. Definition. A branched algebra A = kQ/I is said to be A-branched (or A-branched with
(m+ 2)-cycles to be more precise) if every relation of (Q, I) lies in a (oriented) cycle of Q.
Note that since a branched algebra is gentle, then being A-branched implies that the quiver
obtained from Q by deleting all the arrows in each (m+ 2)-cycle is the union of quivers of type A.
As an example, every normal form Nr,s, is of this type, and in addition, it follows from [33, Section
2] that if A is A-branched, then it is a connected component of an m-cluster tilted algebra. We
thus have:
3.6. Lemma. Let A = kQ/I be an A-branched algebra. Then it is derived equivalent to a normal
form Nr,s.

In order to complete the characterization, it remains to show that every branched algebra is
derived equivalent to an A-branched algebra, that is, that we can eliminate the relations that lie
outside the cycles. This is done in section 5, but before that we need preliminary constructions.
4. Brenner - Butler tilting modules
Let (Q, I) be a gentle bound quiver without loops and x ∈ Q0 such that whenever there is an
arrow leaving x, say α : x →? then there is an arrow entering x, say β : ? → x such that βα 6∈ I.
This includes for instance the vertices that are not the source of any arrow, but excludes the sources
of Q. The vertex x has at most two arrows leaving it, say α0 and α1, and let β0, β1 be the arrows
such that βiαi 6∈ I, for i ∈ {0, 1}. In addition, for each i, there exists at most one arrow γi+1
such that γi+1βi ∈ I. Note that, reading indices modulo 2, since the algebra is gentle, we have
αiβi+1, γi+1βi ∈ I.
In [3] Assem and Happel showed that an algebra whose quiver is a gentle tree is tilting-cotilting
equivalent to an hereditary algebra of type A. This had been done by explicitly giving a sequence
of tilting and cotilting modules. At each stage the gentle tree is transformed until the quiver A is
reached. We will exhibit an analogous process, called “elementary transformation over a vertex” in
[6, Section 7], see also [12, Section 2].
4.1. Definition. Let (Q, I) be a gentle bound quiver, and x as above. With these notations the
bound quiver obtained by mutating (Q, I) at x is the bound quiver defined by (Q′, I ′) = σx(Q, I)
where:
• Q′0 = Q0,
• Q′1 = Q1\{αi, βi, γi|i = 0, 1} ∪ {α
′
i, β
′
i, γ
′
i|i = 0, 1} such that α
′
i : bi → ai, β
′
i : x → bi,
γ′i : ci → x.
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Let R be a minimal set of relations generating I, in particular it contains αiβi+1, βiγi+1. Let R
′
be obtained by replacing in R the latter by β′i+1α
′
i, γ
′
i+1β
′
i for i = 0, 1, and, again, indices are to
be read modulo 2.
In the sequel, a dotted line joining two arrows means, as usual, that their composition belongs
to R.
a0 b1
β1}}④④
④④
④④
④
c0
γ0
oo
x
α0
aa❈❈❈❈❈❈❈
α1
}}④④
④④
④④
④
a1 b1
β0
aa❈❈❈❈❈❈❈
c1γ1
oo
a0 b1
α′0
oo c0
γ′0}}④④
④④
④④
④
x
β′1
aa❈❈❈❈❈❈❈
β′0
}}④④
④④
④④
④
a1 b1
α′1
oo c1
γ′1
aa❈❈❈❈❈❈❈
(Q, I) σx(Q, I).
In the setting above, the almost complete tilting module T =
⊕
y 6=x
Py is sincere, so by [29] there
are exactly two indecomposables X such that T ⊕X is a tilting module. One of them is Px. The
other is the cokernel X ′ of the left minimal (add − T )-approximation Px → Pc0 ⊕ Pc1 of Px. One
can compute (see [4, II], for instance) that X ′ ≃ τ−1Sx. This leads to the known result:
4.2. Lemma ([13]). Let A = kQ/I be a gentle algebra and x ∈ Q0 as above. Then
a) The module Tx = τ
−1Sx ⊕ T =
⊕
y 6=x
Py is a tilting A-module;
b) The quiver of EndA(Tx) is precisely σx(Q, I).
Proof. We have already proved statement a), while statement b) is a straightforward computation.

The tilting module Tx is called the Brenner - Butler tilting module at x, or BB tilting module,
for short. In an analogous way one can define the BB cotilting module at a vertex y, and the
corresponding mutation σ′y on the bound quivers.
4.3. Remark. From [33, 3.13, 3.16 and 3.18] and the previous lemma, it follows that two m-cluster
tilted algebras of type A are derived equivalent if and only if they are tilting-cotilting equivalent.
See also [12] for the case m = 1. In fact, the local mutations induced by the so-called elementary
polygonal moves of [33] are tilting-cotilting equivalences.
5. Removing relations
In light of the previous sections, the only thing that remains to do is to show that a branched
algebra A = kQ/I that is not A-branched is tilting-cotilting equivalent to an algebra A′ = kQ′/I ′
such that (Q′, I ′) is A-branched. To do so, we apply a sequence of mutations that remove the
relations of (Q, I) which do not lie in an oriented cycle. For this, we need to establish an ordering
of the relations that are to be removed.
Let (Q, I) be a branched quiver, and x //
ρ
y //z a relation not lying in a cycle. The quiver
obtained from Q by removing the vertex y and all its incident arrows is disconnected. Denote by
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Q−ρ the connected component containing x, Q
+
ρ that containing z and Q
⊥
ρ the (possibly empty)
union of the remaining connected components.
ONMLHIJKQ−ρ //
ρ
y // ONMLHIJKQ+ρ
ONMLHIJKQ⊥ρ
In the sequel we adopt the following convention concerning decorations on the names of quivers:76540123Q means that the quiver Q is bound by an ideal I such that (Q, I) is a branched bound quiver,
whereas Q means that the latter is A-branched.
5.1. Definition. Let (Q, I) be a branched bound quiver, and x //
ρ
y //z a relation not lying in a
cycle. The relation ρ is said to be:
a) −extremal if Q−ρ is an A-branched quiver,
b) +extremal if Q+ρ is an A-branched quiver.
Q−ρ //
ρ
y // ONMLHIJKQ+ρ
ONMLHIJKQ⊥ρ
ONMLHIJKQ−ρ //
ρ
y // Q+ρ
ONMLHIJKQ⊥ρ
a −extremal relation a +extremal relation.
5.2. Lemma. Le A = kQ/I be a branched quiver which is not A-branched. Then (Q, I) has at least
one −extremal relation and at least one +extremal relation.
Proof. We proceed inductively on |Q0|. Let (Q, I) be a branched quiver, in the sense of 3.3, which
is not A-branched, and ρ a relation not lying in a cycle which in addition we assume not to be
+extremal. That means that the bound quiver Q+ρ has a relation outside its cycles. But since∣∣∣(Q+ρ )0
∣∣∣ < |Q0|, the quiver Q+ρ has a +extremal relation, which is seen to be a +extremal relation
of Q. 
We are now able to describe the sequence of mutations that allows to remove the relations outside
the cycles.
5.3. Lemma. The gentle bound quiver
zn zn−1oo z2 z1oo
ρ
yoo ONMLHIJKQ−ρoo
ONMLHIJKQ⊥ρ
is tilting-cotilting equivalent to the gentle bound quiver
ONMLHIJKQ⊥ρ y znoo zn−1oo z2 z1oo ONMLHIJKQ−ρoo
Proof. Apply the sequence of mutations σznσzn−1 · · ·σz1 . 
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If we are given a branched algebra A = kQ/I and a +extremal relation ρ such that Q+ρ is a quiver
of type A, the previous lemma shows how to obtain an algebra A′ = kQ′/I ′ which is tilting-cotilting
equivalent to A. Moreover in (Q′, I ′) there is one relation less than in (Q, I), namely the relation
ρ. Thus, it only remains to see how to remove a +extremal relation ρ such that Q+ρ has cycles.
Moreover, since we assume that the only relations in Q+ρ lie on its cycles, the algebra whose (bound)
quiver is Q+ρ is, by the results of Murphy [33], derived equivalent to a normal form Nr,s.
5.4. Lemma. The algebra given by the quiver with relations:
. .

✱✱
✱✱
✱ . .

✱✱
✱✱
✱ . vm+2

❁❁
❁❁
.
HH✒✒✒✒✒ .
✑✑
✑✑
HH✒✒✒✒✒ .
✑✑
✑✑
✑
.
HH✒✒✒✒✒ v1
  
  
 
znoo oo z2oo z1oo
ρ
yoo ONMLHIJKQ−ρoo
.
VV✲✲✲✲
. .
VV✲✲✲✲
.
VV✲✲✲✲
v2 ONMLHIJKQ⊥ρ
is tilting-cotilting equivalent to the algebra given by the quiver with relations:
. .

✱✱
✱✱
✱ . .

✱✱
✱✱
✱ . vm+1

❁❁
❁❁
.
HH✒✒✒✒✒ .
✑✑
✑✑
✑
HH✒✒✒✒✒ .
✑✑
✑✑
✑
.
HH✒✒✒✒✒ v1
  ✂✂
✂✂
vm+2oo znoo oo z2oo z1oo ONMLHIJKQ−ρoo
.
VV✲✲✲✲✲
. .
VV✲✲✲✲✲
.
VV✲✲✲✲✲
y
ONMLHIJKQ⊥ρ
Proof. As in the previous lemma, use the sequence σznσzn−1 · · ·σz1 to take Q
⊥
ρ to the vertex v1,
then apply σvm+2σv1 . 
Thus, we know how to eliminate a +extremal relation with mutations. Dually we can eliminate
−extremal relations. We have the following
5.5. Proposition. Let A = kQ/I be a branched algebra, then there exists an A-branched algebra A′
such that A and A′ are tilting-cotilting equivalent.
Proof. Let A = kQ/I be a branched algebra which is not A-branched. The result follows upon
executing the following:
Algorithm.
Step 1: Choose an extremal relation ρ in (Q, I).
Step 2: Using the processes described in lemmata 5.3 and 5.4 obtain a new algebra A′ =
kQ′/I ′ which is tilting-cotilting equivalent to A. In (Q′, I ′) there is one relation less than
in (Q, I), namely the relation ρ.
Step 3: If A′ is A-branched we are done. If not, go to step 1 with A′ playing the rôle of A.
This process must stop after a finite number of steps, since the number of relations outside the
cycles of (Q, I) is finite. 
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5.6. Corollary. Let A = kQ/I be an m-branched algebra, then A is tilting-cotilting equivalent to
an m-cluster tilted algebra of type A.
Proof. The previous result says that A is tilting-cotilting equivalent to an A-branched algebra A′.
By Lemma 3.6 we know that A′ is tilting-cotilting equivalent to a suitable normal form Nr,s, which
is m-cluster tilted. 
6. Proof of the main theorem
We are now able to state and prove the first main theorem of this paper. Observe that Theorem
A is precisely the equivalence between conditions a) and b).
6.1. Theorem. Let A = kQ/I be a connected algebra. Then the following conditions are equivalent.
a) A is an m-branched algebra,
b) A is derived equivalent to an m-cluster tilted algebra of type A,
c) A is tilting-cotilting equivalent to an algebra Nr,s,
d) A is tilting-cotilting equivalent to an m-cluster tilted algebra of type A.
Proof.
a) implies d). This is proposition 5.5, since A-branched algebras are themselves (connected
components of) m-cluster tilted algebras of type A.
d) implies c). By Murphy’s results, an m-cluster tilted algebra is derived equivalent to some
normal form Nr,s, which is itself m-cluster tilted. The result then follows from 4.3.
c) implies b). This is immediate
b) implies a). This follows directly from statement a) in proposition 3.4.

In light of the preceding result, if a branched algebra A is tilting - cotilting equivalent to the
normal form Nr,s, we call the pair (r, s) the invariant pair of A. It follows from proposition 3.4
that the invariant pair of A completely characterizes the class of algebras derived equivalent to it.
As a first step towards the proof of Theorem B, we have:
6.2. Corollary. Let A = kQ/I and A′ = kQ′/I ′ be connected m-branched algebras. Then the
following conditions are equivalent:
a) A and A′ are derived equivalent,
b) A and A′ are tilting-cotilting equivalent,
c) A and A′ have the same invariant pair,
d) HH∗(A) ≃ HH∗(A′) and K0(A) ≃ K0(A
′),
e) π1(Q, I) ≃ π1(Q
′, I ′) and |Q0| = |Q
′
0|.
Proof. The equivalence of a) and b) has been established in 4.3. The fact that a) and b) imply d)
is the invariance of the Hochschild cohomology ring under derived equivalence, together with that
of the Grothendieck group K0(A). Since rk K0(A) equals |Q0| and dimk HH
1(A) = χ(Q) we have
that d) implies c), and d) is equivalent to f). Finally, c) implies b), by 6.1. 
Note that, in addition, proposition 3.2 gives an explicit description of the structure of HH∗(A)
in this case. Furthermore, the following example shows that the connectedness hypothesis cannot
be dropped.
6.3. Example. Consider the two disconnected bound quivers depicted above. Recall that each
cycle is to be understood as a cycle with full relations.
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.
α0
  
❆❆
❆❆
❆ .
.
α3
>>⑥⑥⑥⑥⑥ .
α1~~⑥⑥
⑥⑥
⑥
β0
// . .
β1
>>⑥⑥⑥⑥⑥
β2   
❆❆
❆❆
❆
.
α2
``❆❆❆❆❆
.
.
α0
  
❆❆
❆❆
❆ .
.
α3
>>⑥⑥⑥⑥⑥ .
α1~~⑥⑥
⑥⑥
⑥
.
β0
// .
β1
>>⑥⑥⑥⑥⑥
β2   
❆❆
❆❆
❆
.
α2
``❆❆❆❆❆
.
(Q, I) (Q′, I ′)
The two algebras have isomorphic Hochschild cohomology rings, isomorphic Grothendieck groups
and the same invariant pair, but are not derived equivalent.
Specializing to the case m = 1 we obtain a characterization of the cluster tilted algebras of type
A, and an explicit description of the corresponding bound quivers, which in addition is very easy
to verify. Compare with [12, Theorem A], and 7.4.
6.4. Corollary. A connected gentle algebra A = kQ/I is derived equivalent to a cluster tilted algebra
of type A if and only if (Q, I) has χ(Q) oriented cycles of length 3, each of which has full relations.

6.5. Example. Remember that, as usual, doted lines mean relations, and that each oriented 3-cycle
has full relations. Let A be algebra whose bound quiver is depicted below
.

✹✹
✹✹
.

✻✻
✻✻
.

✷✷
✷✷
✷ .
EE✡✡✡✡
}}④④
④④
④ .
oo
EE✡✡✡✡ .oo .oo
.
EE☞☞☞☞☞ .oo xoo . // .
.
aa❉❉❉❉❉❉
.oo
<<①①①①①①
y
bb❊❊❊❊❊❊
.oo
A is not cluster tilted, because there are relations outside the 3-cycles, so that its Gorenstein
dimension is 3 (see [25]). However, it is tilting-cotilting equivalent to a cluster tilted algebra of type
A16. Its invariant pair is (3, 16). The relation involving vertex x is +extremal; that involving y is
−extremal.
Recall that a representation finite algebra is said to be simply connected whenever its Auslander –
Reiten quiver is simply connected, as a 2-dimensional simplicial complex, or, equivalently, whenever
it has no proper Galois covering (see [2], and the references therein). We have the following:
6.6. Corollary. Let A be a connected component of an m-branched algebra, then the following
conditions are equivalent.
a) A is simply connected,
b) A is iterated tilted of type A,
c) A is representation directed,
d) HH1(A) = 0.
Proof. This follows from the fact that m-branched algebras are monomial, and dimk HH
1(A) =
χ(Q), regardless the characteristic of the field k.

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6.7. Remark. Proposition 2.3 shows that HH2(A) = 0, whenever A is an m-branched algebra, this
entails that m-branched algebras are rigid.
7. Further consequences and remarks
7.1. The Avella Alaminos - Geiss map φ. As mentioned before, in [12] the map φ, which is a
derived invariant for gentle algebras [7], is the core tool used to establish the derived equivalence
classification therein. It is a map φ : N×N→ N that counts special sequences of paths and relations
in a gentle quiver (Q, I). We are interested in characterizing this map for normal forms Nr,s. In
what follows we closely follow the exposition of [7].
Let A = kQ/I be a gentle algebra. A permitted thread of A is a path w = α1α2 · · ·αn not
belonging to I, and of maximal length for this property. A forbidden thread is an element of some
Γn, with maximal length and without repeated arrows.
We also need trivial permitted and forbidden threads. Let x ∈ Q0 be such that the sets s
−1(x)
and t−1(x) have both cardinality at most one. The stationary path at x is a trivial permitted thread
if when α : ?→ x and β : x→? are two arrows, then αβ 6∈ I. We denote this thread by hx. Similarly,
the stationary path at x is a trivial forbidden thread if when α : ?→ x and β : x→? are two arrows,
then αβ ∈ I. We denote by px this thread. Assume x and y are two vertices such there is only one
one arrow α entering x, an arrow β : x → y, and only one arrow γ leaving y. If both αβ, βγ ∈ R,
then β is a permitted thread, whereas in case αβ, βγ 6∈ R the arrow β is a forbidden thread.
Given that (Q, I) is gentle, from [18] one knows that there exist maps σ, ε : Q1 → {±1} verifying:
· σ(β0) = −σ(β1) whenever β0 and β1 are arrows sharing their source;
· ε(β0) = −ε(β1) whenever β0 and β1 are arrows sharing their target;
· If αβ is a path not belonging to I, then σ(β) = −ε(α).
These maps, that one can set “quite arbitrarily”, as noted in [18, p. 158], extend to paths, thus
to threads: given w = α1α2 · · ·αn, set σ(w) = σ(α1) and ε(w) = ε(αn). We extend this to trivial
threads as follows: If hx is a trivial permitted thread, let β : x →? be the (unique) arrow leaving
x. Then put σ(hx) = −ε(hx) = −σ(β). Similarly, if px is the trivial forbidden thread at x, let
α : ? → x be the (unique) arrow ending at x. Then, put σ(px) = −ε(py) = −ε(α). Given a path w,
denote by ℓ(w) its length, that is its number of arrows.
7.2. Algorithm (Avella - Alaminos and Geiss [7]). Let A = kQ/I be a gentle bound quiver, for
which all permitted and forbidden threads are determined.
(1) (a) Begin with a permitted thread H0 of A,
(b) If Hi is defined, let Pi be the forbidden thread sharing target with Hi and such that
ε(Hi) = −ε(Pi),
(c) Let Hi+1 be the permitted thread sharing source with Pi and such that σ(Hi+1) =
−σ(Pi).
The process stops if Hn = H0 for some natural number n. In this case, let m =∑
16i6n ℓ(Pi)
(2) Repeat step 1 until all permitted threads of A have been considered;
(3) If there are (oriented) cycles w with full relations, add a pair (0, ℓ(w)) for each of those
cycles;
(4) Define φA : N×N→ N by letting φA(n,m) be the number of times the pair (n,m) appears
in the algorithm.
Theorem A in [7] asserts that φ is a derived invariant, but the converse is only known to be true
in some particular cases, see [7, Theorem C] or [6]. Also, in [12, Theorem D] the authors showed
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that two gentle algebras A and A′ that are derived equivalent to cluster tilted algebras of type A or
A˜, are themselves derived equivalent if and only if φA = φA′ . We shall state and prove an analogous
result. For this sake, we need to compute the function φr,s corresponding to a normal form Nr,s.
As a first remark, note that φr,s(0,m + 2), is the number of (m + 2)-cycles with full relations in
(Q, I), that is, φr,s(0,m+ 2) = r, see [7, Remark 6]. To compute the remaining part of φr,s, label
the arrows of Qr,s as follows: the cycles are numbered as in the proof of 2.3, and again vj , be the
vertex common the jth and the (j+1)th cycles. Furthermore, let 1 be the unique vertex of degree 3
in Qr,s. For each j ∈ {1, 2 . . . , r} let α
j
0, α
j
2, . . . , α
j
m+1 be the m+ 2 arrows of the j
th cycle, in such
a way that the source of αj0 is precisely vj−1, setting v0 = 1. In addition, let β1, β2, . . . , βn be the
remaining arrows, where the source of βn is n+ 1, the unique source of the quiver, and βn . . . β2β1
does not belong to I. See below.
. .
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
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.
Given a pair (a, b) ∈ N×N, denote by (a, b)∗ the characteristic function of the set {(a, b)} ⊆ N×N.
The following will be useful.
7.3. Lemma. Let Nr,s be a normal form, as defined at the end of Section 1. Then
φr,s = r · (0,m+ 2)
∗ + (s+ 1− r, s− 1− r(m+ 1))∗
Proof. The term r · (0,m + 2)∗ comes from step (3). Before going on, note that counting vertices
and arrows yields the relation
(1) s = n+ 1 + r(m + 1).
From this, we have s+1− r = n+ rm+1, and s− 1− r(m+1) = n. We now proceed by induction
on r. As we find it more illustrative and useful for the sequel, we start with the case r = 2, leaving
the (easier) case r = 1 to the reader.
Assume r = 2, and let k be such that t(α1k) = v1. Start the algorithm with H0 = βn · · ·β1α
1
0 so
that P0 = pt(α1
0
). Thus, H1 = α
1
1 and P1 = pt(α11). Then we continue running through the rightmost
cycle, until Hk−1 = α
1
k−1 and Pk−1 = ptα1k−1 . At the next step we get Hk = α
1
kα
2
0, switching to
second cycle, and Pk = pt(α2
0
). Then, start running through the second cycle, and get Hk+m = α
2
m,
so that at the next step we have Hk+m+1 = α
2
m+1α
1
k+1, coming back to the first cycle. Running
through it, we are led to H2m = α
1
m and then H2m+1 = α
1
m+1, but, in contrast with what precedes,
P2m+1 = β1. From then, H2m+2 = h2, P2m+2 = β2, and we continue going backwards through the
arrows β. We arrive then to H2m+n+1 = hn+1, P2m+n+1 = pn+1 and H2m+n+2 = H0. The only
forbidden paths of non zero length are the arrows β. We thus obtain the pair (2m+n+2, n), which
from the arithmetic relation (1) is easily seen to be the desired one.
Assume now the statement is true for r = l− 1, and let us analyze the algorithm for r = l. The
forbidden paths of nonzero length that will appear are exactly the same as those in the case r = 2,
namely the arrows β, so we will get a pair of the form (T, n). What remains to see is how many
steps are added to the algorithm, so we can determine T . We claim that there are exactly m of
them. Indeed, we are adding a single cycle of length m + 2. As in the case r = 2, two of these
arrows are used to switch from one cycle to another, and the remaining ones lead (each of them)
DERIVED CLASS OF m-CLUSTER TILTED ALGEBRAS OF TYPE A 17
to one additional step of the algorithm. The total number of steps is, by the induction hypothesis,
and the previous argument
T = (n+ rm+ 1) +m = n+ (r + 1)m+ 1.
Since every permitted thread has been used, this finishes the proof.

In particular this result, together with Theorem 6.1 enables us to recover the classification of the
algebras derived equivalent to cluster tilted algebra of type A, of Bobinski and Buan [12, Theorem
A]. Note however that we additionally obtained an explicit description of the bound quiver of such
an algebra. The conditions characterizing those bound quivers are really easy to verify, for no
computations are required, as in [12, Theorem A], which we can easily recover.
7.4. Corollary. Let A be a gentle algebra. Then A is derived equivalent to a cluster tilted algebra
of type A if and only if there exist natural numbers r, n such that
φA = r · (0, 3)
∗ + (n+ r + 2, n)∗
Proof. Assume A is derived equivalent to a cluster tilted algebra of type A. From 6.1, A is derived
equivalent to a normal form Nr,s, and m = 1. Then, use 7.3, and the fact that with those notations
one has s = n+ 1 + 2r.
On the other hand, assume A = kQ/I is gentle such that φA = r · (0, 3)
∗ + (n+ r+2, n)∗. Since
φA(0, 3) = r, in (Q, I) there are exactly r cycles of length 3 with full relations. In addition, [12,
6.2] gives that the Euler characteristic of Q is precisely r, and we are done. 
7.5. Remark. Theorem F in [12] asserts that an algebra A which is derived equivalent to a cluster
tilted algebra of type A is itself cluster tilted if and only if its Gorenstein dimension Gdim A is at
most 1. It follows from Murphy’s description of m-cluster tilted algebras of type A (see [33, 2.20]),
and [25, 3.4] that an m-branched algebra is m-cluster tilted algebra if and only if Gdim A 6 m.
As we noted in the discussion following 7.1, it is not known in general whether or not φ is a
complete invariant for gentle algebras. It was shown in [7] that if A and A′ two algebras whose
quivers have Euler characteristic 1 are such that φA = φA′ , then A and A
′ are derived equivalent,
and a similar result in [6]. Further, Bobinski and Buan showed in [12] that φ is a complete invariant
for cluster tilted algebras. We can prove that this is also the case for m-branched algebras. The
following completes the proof of Theorem B.
7.6. Theorem. Let A and A′ be m-branched algebras. Then A and A′ are derived equivalent if and
only if φA = φA′ .
Proof. Assume tat A and A′ are derived equivalent. Then the invariance of φ and lemma 7.3 give
the result.
On the other hand assume φA = φA′ , and let Nr,s, Nr′,s′ be the normal forms derived equivalent
to A and A′, respectively. Again, it follows from the invariance of φ that since φA = φr,s and
φA′ = φr′,s′ , we have φr,s = φr′,s′ . It then follows from the previous lemma that (r, s) = (r
′, s′),
and thus that Nr,s and Nr′,s′ are derived equivalent. 
7.7. Cartan matrices. In [11, 3.2], Bessenrodt and Holm established that the unimodular equiv-
alence class of the Cartan matrix of a gentle finite dimensional algebra is a derived invariant. This
enabled them to obtain the fact that if two gentle algebras A = kQ/I and A′ = kQ′/I ′ are derived
equivalent, then the number of cycles of even length with full relations in (Q, I) equals that in
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(Q′, I ′); and the same holds for cycles with full relations of odd length (see also [30, Theorem 1].
This result has been of central importance in the derived classification of Buan and Vatne (see [16,
Section 4]), as well in that of Murphy (see [33, 3.8]). This invariant does not retain the length
of the cycles, but only their length modulo 2. In contrast, the Hochschild cohomology ring does
detect this information, and, furthermore, it distinguishes the case where the characteristic of the
ground field is 2, another feature missed by the Cartan matrix. Thus, the methods provided here
can easily be used to obtain independent proofs of the mentioned results of [16, 33]. We end with
an example.
7.8. Example. Let (Q, I) and (Q′, I ′) be the bound quivers
. α0
!!
❇❇❇
.
α2 ==⑤⑤⑤ .
α1
oo .
β3
oo .
β2
oo .
β1
oo
. α0
&&▼▼
▼▼▼
.
α4 88qqqqq .
α1✄✄
✄ β
oo
.
α3
]]❀❀❀
.
α2
oo
I = 〈αiαi+1, βjβj+1|0 6 i 6 2, 1 6 j 6 2〉 I
′ = 〈αiαi+1|0 6 i 6 4〉 and
and indices are read modulo 3. indices are read modulo 5.
The algebra A = kQ/I is derived equivalent to a cluster tilted algebra of type A6, though it is
not itself a cluster tilted algebra. The algebra A′ = kQ/I ′ is a 3-cluster tilted algebra of type A6.
In both cases the determinant of the Cartan matrix is 2, and, furthermore, the Cartan matrices
are unimodular equivalent. In contrast, in case the characteristic of k is not 2, then HH6(A) ≃ k,
whereas HH6(A′) = 0; and HH10(A) = 0 whereas HH10(A′) ≃ k.
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